We propose a method for the direct extraction of the complex hadron-hadron optical potential on the lattice, which does not require the use of the multi-channel Lüscher formalism and can be applied to systems with three and more particles. The method is tested on a set of realistic synthetic data for a two channel problem.
We propose a method for the direct extraction of the complex hadron-hadron optical potential on the lattice, which does not require the use of the multi-channel Lüscher formalism and can be applied to systems with three and more particles. The method is tested on a set of realistic synthetic data for a two channel problem. 
Introduction
The Lüscher approach [1] has become a standard tool to study hadron-hadron scattering processes on the lattice. The use of this approach in case of elastic scattering is conceptually straightforward: besides technical complications, caused by partial-wave mixing, each measured energy level at a given volume and in a given frame of motion uniquely determines the value of the elastic phase shift at the same energy.
In the presence of multiple channels, the extraction of the scattering phase becomes more involved. In case when only two-particle coupled channels appear, one can make use of the coupledchannel Lüscher formalism [2, 3, 4, 5, 6, 7, 8, 10] and fit a simple energy dependent parameterization for the multi-channel K-matrix elements to the measured energy spectrum in the finite volume [9] . A more sophisticated parameterization of the K-matrix elements, which is applicable in a wider range of the energies, can be obtained using unitarized chiral perturbation theory (ChPT) [10, 11, 12] . In the one-channel case such an approach has been successfully applied, e.g., in Refs. [13, 14] to analyze P-wave ππ scattering and to study the properties of the ρ-meson. However, in order to include the coupled channels ππ − KK above KK threshold, one has to determine three K-matrix elements (unknowns) from a single measurement of a finite-volume energy level. Hence, using some kind of (phenomenology-inspired) parameterizations of the multi-channel Kmatrix elements becomes inevitable in practical applications.
In case when some of the inelastic channels contain three or more particles, the situation is far more complicated. Despite the recent progress in the formulation of the theoretical framework [15, 16, 17, 18] , it is still too cumbersome to be directly used in the analysis of the data. Moreover, the problem of the choice of the parameterization for three-particle scattering might become more difficult (and lead to even larger theoretical uncertainties) than in two-particle scattering.
From the above discussion it is clear that a straightforward extension of the Lüscher approach through the inclusion of more channels has its limits that are reached rather quickly. On the other hand, many interesting systems, which are already studied on the lattice, may decay into multiple channels. In our opinion, the present situation warrants a rethinking of the paradigm. One may for example explore the possibility to analyze the lattice data without explicitly resolving the scattering into each coupled channel separately. Such a detailed information is usually not needed in practice. Instead, in the continuum scattering problem, the effect of inelastic channels could be included in the so-called optical potential [19, 20] , whose imaginary part is non-zero due to the presence of the open inelastic channels. In many cases, it would be sufficient to learn how one extracts the real and imaginary parts of the optical potential from the lattice data, without resorting to the multi-channel Lüscher approach. In the present work, we propose such a method, which relies on the knowledge of a sufficiently large number of eigenvalues measured in lattice simulations. Furthermore, we suggest a method that allows one to obtain this set of eigenvalues by varying a continuous parameter -the twisting angle that defines the boundary conditions set on the quark fields in the simulations [21, 22, 23, 24, 25] . The latter has its own limitations, but there exist certain systems, where it could in principle be applied. One of such examples is the scattering in the coupled-channel πη − KK system in the vicinity of the KK threshold and the a 0 (980) resonance, see also the recent lattice QCD simulation and analysis of this system in Refs. [14, 26] . For further examples, we refer the reader to the original publication [27] .
Optical potential in the Lüscher approach
The method proposed in this work, relies on the Feshbach projection operator technique [19] . In continuum scattering theory, it allows to include the inelastic channels effectively in the socalled optical potential. While the general derivation of this method is presented in the original publication [27] , we wish to demonstrate this method here on the example of two-particle scattering amplitude parametrized by the so-called K matrix. Further, we restrict ourselves for simplicity to a specific system of two two-particle states, namely KK and πη in S-wave. In this setting the T -matrix, related to the unitary S-matrix via S = 1 − iT , is given as a function of center-of-mass energy (E) by
where T and K are two-by-two matrices, and p ... denotes the modulus of the center-of-mass system three momentum in the corresponding two-particle system. For the connection of this equation to the usual Lippmann-Schwinger equation we refer to Ref. [27] .
We divide now the multi-channel scattering problem into a primary channel (in our example, the KK channel) and a secondary channel, subsuming all other channels, potentially including multi-particle states (in our example, the πη channel). The T -matrix element of this channel is then simply given by
Here M denotes the inverse of the K matrix, which is smooth even if the latter might have poles for real energies. The optical potential W (E) contains all in-elasticities from the secondary channel (πη) and is therefore a complex valued function above the πη threshold. In a finite volume, the momenta are discretized and so is the spectrum of the T -matrix. The real-valued poles of the latter determine the energy eigenvalues of the system in finite volume measured in a lattice simulation. Their positions are determined from the following secular equation
which is equivalent to Eq. (2.2) when imposing periodic boundary conditions in a cubic box of size L, thus, replacing
for a corresponding channel k. Here, Z 00 denotes the Lüscher zeta-function. The first equality in Eq. (2.3) determines the finite-volume KK optical potential as a function of measured eigenenergies of the system, potentially containing not only the πη channels but also multi-meson states and other allowed two-body channels. The second equality holds only in our specific two-channel example and shows how the optical potential is related to the πη channel.
For every eigenvalue E, measured on the lattice the left-hand-side of the Eq. (2.3) coincides with the cotangent of the so-called pseudophase which defines the inverse of the finite volume counterpart of the optical potential W −1 L (E) at this energy. Obviously the latter is a real-valued function and the main question is now, how to relate it to its infinite-volume counterpart. The latter, complex-valued potential W −1 , is directly related to the T -matrix element in infinite volume via Eq. (2.2). It is important to note that, if L tends to infinity, the optical potential does not have a well-defined limit at a given energy. In this limit, the energy levels in the secondary channel(s) condense towards the threshold such that the quantity W −1 L (E) oscillates from −∞ to +∞ at any fixed E. As a matter of fact, this issue has already been addressed in the literature in the past considering adiabatic switching of the interaction, see Ref. [28] . This is equivalent to attaching an infinitesimal imaginary part E → E + iε to the energy. Further, as argued in Ref. [28] , the limits L → ∞ and ε → 0 are not interchangeable. A correct infinite-volume limit is obtained, when L → ∞ is performed first, see the discussion in the original publication [27] .
Practically, for a given set of energy eigenvalues {E i |i ∈ N} the above prescription can be performed in three steps: 1) Analytic continuation into complex energy-plane can be performed fitting the set of the pairs {(
L (E i ))|i ∈ N} by a sum of simple poles plus a regular background, i.e. W −1
L is not fixed a priori, whereas the general form is valid even when multi-particle intermediate states are involved, as shown in Ref. [27] using time-ordered perturbation theory arguments.
2) The poles of W −1 L (E) on the real energy axis lead to oscillations for complex energies. The frequency of these is related to the number of poles in a given energy region. Thus, it rises with increasing lattice volume. However, the amplitude of those tends to zero when L → ∞. Therefore, the latter limit can simply be obtained "smoothing" over these oscillations at a fixed value of ε. 3) Finally, the extrapolation of the smoothed W −1 L (E + iε) to real energies (ε → 0) yields the infinite volume limit of the optical potential.
Application of the method
The method described in the last section allows to retrieve the T matrix element from the a set of energy eigenvalues in a given channel. The latter is possible irrespectively of the ordering of the primary and secondary channels and is valid even if the secondary channels contain multi-particle states. Technically, one difficulty can arise from the fact that a large number of energy eigenvalues has to be measured to fix the large number of free parameters inŴ −1 L (E). However, the change of lattice parameters, such as the reference frame or the box size, alters the optical potential W −1 L (E) in finite volume as well. Thus, all energy eigenvalues have to be measured at fixed lattice parameters 1 .
Another alternative is to use a knob, which allows for an energy scan leaving other parameters of the pseudophase intact. In certain systems such a knob is provided by the use of twisted boundary conditions. One of such a system is the coupled-channel πη − KK scattering. As it was discussed in Refs. [3, 25] , in this system it is possible to apply (partially) twisted boundary conditions for example, by twisting the light u, d quarks by the same angle and leaving the s-quark with periodic boundary conditions. Thus, the KK threshold moves and the left-hand-side of the second equality in the secular equation (2.3) changes, while the right one does not.
In the following, we will reconstruct the optical potential from a synthetic lattice data set generated by the chiral unitary approach of Ref. [29] . To extract the potential in the fairly wide energy range from E = 2M K to E = 1.7 GeV we use twisted boundary conditions as described
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) for each of the twisting angles we are able to extract 186 energy eigenvalues above and 3 below the KK threshold. Note that in this first study, we are interested to test the feasibility of the approach. In an actual lattice simulation one might restrict the energy region, where less energy eigenvalues will be required to reconstruct the optical potential reliably.
Further, in any realistic lattice simulation, the eigenvalues will be known only up to a finite precision, given by ∆E. We study how this error propagates in the proposed approach, starting from a sufficiently large number (∼ 1000) of re-sampled lattice data sets. For each of these sets, normally distributed around the (189) synthetic eigenvalues with a standard deviation of ∆E, we fit the free parameters ofŴ −1 L minimizing χ 2 d.o.f. as specified in Ref. [27] . We found hereby, that in the present setting (primary channel being heavier than the secondary one) the inclusion of the first pole below the primary threshold stabilizes the fits drastically. Further, we have tested that increase of the polynomial rank in the definition ofŴ −1 L does not lead to a substantial improvement of the fits. A subset of the results of these fits is depicted in Fig. 1 .
In the second step of the procedure, see the end of the previous section, we extrapolate each of the obtained functionsŴ −1
L (E) to complex energies, then smoothing over the oscillations. For the latter we utilize Gaussian smearing as well as the parametric method as discussed in detail in the original publication [27] . Finally, in the third step, we extrapolate each of the obtained infinite volume results back to the real energies.
The final result of this procedure using parametric smearing and ∆E = 1 MeV is depicted in Fig. 2 . Results using higher ∆E can be found in the original publication, showing that for not too large ∆E the error on final result grows linearly with ∆E, but much faster for even higher uncertainties (∆E 10 MeV). Further, we have found that both smearing methods lead to essentially the same results. 
Summary
In the present paper, we formulate a framework for the extraction of the complex-valued optical potential, which describes hadron-hadron scattering in the presence of the inelastic channels, from the energy spectrum of lattice QCD. An optical potential is obtained by using the causal prescription E → E + iε for the continuation into the complex energy plane. It converges to the "true" optical potential in the limit L → ∞, ε → 0. A demonstration of the effectiveness of the method has been carried out by utilizing synthetic data.
We would like to emphasize that the use of twisted boundary conditions is only a tool, which is used to perform a continuous energy scan of a certain interval. Whatever method is used to measure the dependence of the pseudophase on energy (all other parameters fixed), our approach, based on the analytic continuation into the complex plane, could be immediately applied.
The approach could be most useful to analyze systems, in which the inelastic channels contain three or more particles. Whereas direct methods based on the use of multi-particle scattering equations in a finite volume will be necessarily cumbersome and hard to use, nothing changes, if our approach is applied. The reason for this is that, in case of an intermediate state with any number of particles, the single poles are the only singularities in any Green's function in a finite volume.
